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We consider a hitherto unexplored setting of stacked multilayer (N ) Lieb lattice which undergoes
an unusual topological transition in the presence of intra-layer spin-orbit coupling (SOC). The spe-
cific stacking configuration induces an effective non-symmorphic 2D lattice structure, even though
the constituent monolayer Lieb lattice is characterized by a symmorphic space group. This emer-
gent non-symmorphicity leads to multiple doubly-degenerate bands extending over the edge of the
Brillouin zone (i.e. Quadratic Band Crossing Lines). In the presence of intra-layer SOC, these
doubly-degenerate bands typically form three N -band subspaces, mutually separated by two band
gaps. We analyze the topological properties of these multi-band subspaces, using specially devised
Wilson loop operators to compute non-abelian Berry phases, in order to show that they carry a
higher Chern number N .
Introduction.— The discovery of topological materi-
als [1, 2] and their subsequent ten-fold symmetry classifi-
cation within the Altland-Zirnbauer scheme [3, 4], has led
to a rapid surge in the search for new materials with non-
trivial topological properties. This primarily includes, for
instance, (i) the time-reversal invariant topological in-
sulators (TIs), commonly known as quantum spin Hall
(QSH) insulators in two dimensions, which were pre-
dicted to occur in strongly spin-orbit coupled materi-
als [4–6], (ii) the particle-hole symmetric band structures,
which lead to interesting topological phases such as topo-
logical superconductors [7–9], and (iii) more recently, the
topological crystalline insulators (TCI), which are pro-
tected by a combination of the time-reversal and the
underlying point group symmetry of the associated lat-
tice [10–12]. As these systems are generally understood
within a single-particle picture, one typically character-
izes their topology by associating a topological invariant
(Chern number) to the resulting band structure.
Finding new materials with tunable Chern numbers
(C) is enormously important as they are directly measur-
able in terms of the quantized Hall conductance (Ce2/h)
of two-dimensional (2D) Chern insulators [13, 14]. In the
presence of quasiparticle interaction, such integer quanti-
zation of conductance further breaks down into fractional
values. In the case of relatively high Chern numbers,
even potentially new phases (viz. topological nematic
phases [15]) can emerge due to the interplay of topology
and strong quasiparticle correlations. Evidence of such
high Chern numbers for almost flat-band systems has
been discussed in previous theoretical works [16] on var-
ious lattices, including Kagome [17], triangle [18], and
checkerboard [19]. More interestingly, it was shown in
Ref. [17] that for a pyrochlore slab, the underlying stack-
ing arrangement between the triangle and Kagome layers
leads to intriguing band structures with relatively high
Chern numbers.
Recently, there has been a renewal of interest in ana-
lyzing the topological features of a closely related cousin
of the Kagome lattice. This is called the Lieb lattice
(which is an example of a depleted-square lattice with
space group p4mm); it can also be obtained by contin-
uously shearing an ideal Kagome structure. The con-
tinuous evolution of the band structure, including the
flat band and its topological variation between the Lieb
and the Kagome lattice, has been recently studied in
Refs. [20, 21]. This lattice was previously studied [22]
in detail for its topologically protected quadratic band
crossing point (QBCP) in the band structure. QBCP –
a Brillouin zone (BZ) point where two bands cross each
other with a quadratic dispersion – is a generic feature
of certain type of lattices, where discrete crystal sym-
metries play an important role [23]. However, unlike its
linear band crossing counterpart, namely the Dirac point,
a QBCP is not robust under an arbitrarily weak interac-
tion [24–26]. We note here that Lieb lattices have been
experimentally realized recently in photonic, electronic
and cold-atom settings [27–34].
In this Letter, we integrate these research directions
and consider a tight-binding model of intrinsically spin-
orbit coupled electrons on a quasi-two dimensional sys-
tem composed of stacked multilayer Lieb lattices. We
show that for two distinct Bernal-type stackings the
previously known single-layer QBCPs evolve into ex-
tended degeneracy lines along the Brillouin zone (BZ)
edge – which we designate as Quadratic Band Crossing
Lines (QBCL). We further motivate that the QBCLs are
the generalization of QBCPs for non-symmorphic lattice
structures, and are protected by discrete symmetries. In
the multilayer set-up with spin-orbit coupling, these QB-
CLs form well-separated band-subspaces. Their topolog-
ical features are computed by analyzing the associated
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FIG. 1. (a) A schematic of the two-dimensional Lieb lattice
with all possible hoppings tij between the sites. The arrows
corresponding to νij show the unit vectors related to the in-
trinsic spin-orbit coupling and are discussed in the text. The
three-atom unit cell is marked in a red-dashed line. (b) The
Brillouin zone for the bilayer system with the high-symmetry
points illustrated by filled circles. (c,d) A pictorial represen-
tation of a bilayer coupled Lieb lattice arranged in two differ-
ent stackings – AB and ABC, respectively. The blue-dashed
region signifies the modified unit cell when a multilayer struc-
ture is incorporated.
Wilson spectrum, from which we obtain the correspond-
ing Chern numbers. Then, we discuss one of our main re-
sults that the layer number N in the multilayer structure
offers natural tunability to generate an emergent band
structure with higher Chern numbers, and as such, pro-
vides a unique platform for exploring hitherto unknown
topological phases of matter.
Monolayer Lieb lattice.— We start from an extended
tight-binding (TB) model with intrinsic spin-orbit cou-
pling (ISOC) in the single-layer Lieb lattice, and consider
stacking them in a multilayer structure. The single-layer
Hamiltonian is written as
Hsl =∑
iσ
εic
†
iσciσ −∑
ijσ
tijc
†
iσcjσ + iλ ∑⟪ij⟫νijc†iασzαβcjβ , (1)
where c†iσ creates an electron at site i with spin σ and σz
is the Pauli matrix. In the last term, we assume summa-
tion over the repeated indices. The hopping amplitude
tij is considered finite between the first (t), the second
(t′) and the third (t′′) nearest-neighbor sites, and εi la-
bels the onsite energies for the three sublattice sites (see
Fig. 1a). In general, the three onsite energies can be
different. Yet, the four-fold rotation symmetry enforces
the edge-centered site energies to be equal i.e. εB = εC .
Therefore without loss of generality, we assume a finite
εA with vanishing εB , εC . The longest hopping ampli-
tude t′′ is considered only when there is no site in be-
tween the relevant hopping process [22]. Finally, λ is the
strength of the ISOC between the next-nearest neighbor
(a) (b)
FIG. 2. Topological phase diagram in the single-layer Lieb
lattice as a function of t′′ and εA in the presence of intrinsic
spin-orbit coupling λ = 0.35t: (a) in the case of the next-
neighbor hopping t′(= 0.3t) < 0.5t and (b) t′(= 0.75t) > 0.5t.
The intersection between the different colored areas indicates
the closing of one of the band gaps. The Chern number dis-
tribution for spin-up bands is arranged from the lowest to
the highest bands as shown in the inset of panel (a). Inset:
The band structure with finite intrinsic SOC with the tight-
binding parameters t = 1, t′ = 0.3, t′′ = 0.2, εA = −1, λ = 0.35.
All values are in the units of eV.
sites, and νij = dˆ1ij×dˆ2ij = ±1. Here dˆ1ij and dˆ2ij denote the
two unit vectors connecting the second neighbor sites, as
illustrated in Fig. 1a.
The above Hamiltonian can be written in Fourier space
as Hsl = ∑kΨ†k (I2 ⊗Hk,sl)Ψk, where the spinor Ψk is
composed of three operators ck,α,σ on the three sublat-
tices α = A,B,C, with spin projection σ. We notice
that the Hamiltonian is composed of two uncoupled spin-
projected Hamiltonians Hk,sl. The spin-degeneracy is
not broken as a result of the inversion symmetric ISOC.
Therefore for subsequent analysis, we focus on only one
of the spin-projected Hamiltonians. For an explicit con-
struction of Hk,sl, and its associated band structure, we
refer to the Supplemental Material (SM).
The ISOC incorporates non-trivial topological charac-
ter in the band structure for the single-layer Lieb lattice.
For a better understanding, we compute the topologi-
cal Chern number for each band. An example of the
gapped band-structure is shown in the inset of Fig. 2a.
For a detailed evolution of the ISOC band-structure with
various TB parameters, we again refer to the SM. The
Chern number for a particular band εnk is defined asCn = 12pi ∫BZ Ωn(k)dk, where Ωn(k) = ∂xAny (k)−∂yAnx(k)
is the Berry curvature. Here, Ani (k) = i ⟨ψnk ∣∂i ∣ψnk⟩ is
the Berry connection for the corresponding band εnk, with
eigenfunctions ∣ψnk⟩. In this Letter, we numerically com-
pute the Chern numbers using the method of link vari-
ables [35], and obtain the Chern number distribution for
the gapped bands (arranged from the bottom to the top-
most band) as C = (1,0,−1) in the absence of εA, t′′ and,
for t′/t < 0.5. The evolution of such Chern number dis-
tribution as a function of t′ and λ has been analyzed in
a detailed topological phase diagram in an earlier theo-
3retical work [36].
Chern number distribution.— Here, we identify that
the onsite energy εA and the longest hopping t′′ pro-
duce an even richer phase diagram with versatile topo-
logical characteristics. We notice that for t′ < 0.5t,
the three bands from bottom to top have a distribu-
tion C = (1,0,−1) for small t′′. It eventually changes
to C = (0,1,−1) for larger t′′ as shown in Fig. 2a. How-
ever, for t′ > 0.5t we notice three different topological
phases. For small enough t′′ and εA, the distribution isC = (1,−2,1). It changes to (0,−1,1) for an intermedi-
ate t′′ and eventually becomes (0,1,−1) for sufficiently
large t′′ (see Fig. 2b). The interface between the colored
regions (phases) in Fig. 2 indicates the absence of one
of the gaps in the band structure. For this analysis, we
fixed the magnitude of the ISOC as λ = 0.35t. Apart
from quantitative changes in the area of the individual
phases in Fig. 2, this qualitative description remains valid
for an arbitrary λ, provided all the three bands are fully
gapped.
Stacked Lieb lattices.—We now focus on the main part
of this work, and discuss the implications for the stacked
Lieb layers. For the subsequent analysis, we primarily
consider two Bernal-type stackings: AB and ABC. A
discussion of the conventional AA-stacking is provided
in the SM. A pictorial illustration of the bilayer setup is
shown in Fig. 1c,d. In the AB-stacking, the top layer is
shifted by a half-lattice vector (a1/2) along the horizon-
tal direction with respect to the bottom layer, whereas
in the ABC-stacking it is shifted by the same amount
along both the axial directions (a1/2,a2/2). This frac-
tional translation in the Bernal-stacked configurations
leads to an emergent non-symmorphic crystal structure,
even though the single-layer Lieb lattice is characterized
by a symmorphic space group p4mm. A fundamental
difference between these two symmetries stems from how
the spatial origin evolves under the allowed transforma-
tions: symmorphic symmetries preserve the origin, while
non-symmorphic symmetries lead to a fractional shift of
the origin [37]. In this case, the layer groups associated
with AB and ABC-stacking are p4/n, and p4/nmm, re-
spectively [38–40].
The inter-layer couplings are assumed to be (t⊥, J1, J2)
as illustrated in Fig. 1c,d. The unit-cell consists of
two dimer and two monomer sites (dashed lines in
Fig. 1c,d). The dominant interlayer coupling t⊥ is con-
sidered between the atoms in each layer within the dimer
site, whereas the remote hoppings J1, J2 are consid-
ered between the dimer and the monomer sites (as il-
lustrated in Fig. 1c,d). Consequently, the Hamilto-
nian for the coupled system in terms of a spinor Ψk =(c1Ak, c1Bk, c1Ck, c2Ak, c2Bk, c2Ck) is written as
Hk,ab/abc =Hk,sl ⊗ Iσ +Vk,ab/abc ⊗ σ1, (2)
where σ are the Pauli matrices representing the layer de-
grees of freedom, Iσ is a 2 × 2 identity matrix, Hk,sl is
(a) (b)
(c) (d)
(e) (f)
FIG. 3. (a,b) The band structure, along the high-symmetry
directions in the BZ for AB- and ABC-stacked bilayer Lieb
lattices, respectively. The TB parameters for each layer are
chosen as t = 1, t′ = 0.3, t′′ = 0.2, εA = −1 with the interlayer
couplings t⊥ = 0.45, J1 = 0.25, J2 = 0.15. All values are in the
units of eV. (c,d) The gapped spectrum with gap ∆ in the
presence of intra-layer intrinsic spin-orbit coupling λ = 0.35.
The other parameters remain identical as in panels (a,b). (e,f)
The non-abelian Berry phases for the three two-band sub-
spaces obtained from the Wilson loop in Eq. 5 for the AB-
stacked bilayer Lieb lattice with ISOC λ = 0.35. The appar-
ently reduced C4 rotation in the AB-stacking leads to two
inequivalent Wilson spectra along the two axial directions in
the BZ. For the ABC-stacking the Wilson spectra (not shown
here) along both axial directions are equivalent and they are
identical to panel (e). (Color scheme: black - lowest QBCL,
blue - middle QBCL and red - top QBCL).
the single-layer TB Hamiltonian defined in Eq. 1, and
Vk,ab/abc corresponds to the interlayer coupling Hamil-
tonian for the two stackings defined as
Vk,ab = −2J1c1I3 − t⊥Γ1 − 4J2c1c2Γ4 − 2J1c2Γ6 , (3a)
Vk,abc = −4J2c1c2I3 − 2J1c2Γ1 − 2J1c1Γ4 − t⊥Γ6 , (3b)
Γ1 =⎛⎜⎝
0 1 0
1 0 0
0 0 0
⎞⎟⎠ , Γ4 =
⎛⎜⎝
0 0 1
0 0 0
1 0 0
⎞⎟⎠ , Γ6 =
⎛⎜⎝
0 0 0
0 0 1
0 1 0
⎞⎟⎠ , (3c)
where ci = coski/2, ki = k ⋅ ai, and Γi’s are the traceless
Gell-Mann matrices. The energy spectrum is obtained
by diagonalizing the Hamiltonian Hk,ab/abc. The corre-
4sponding band structures for both stackings are shown in
Fig. 3a-d, respectively. The top panel in Fig. 3 shows the
dispersion without the ISOC, whereas the middle panel
displays the gapped spectrum with ISOC in each layer.
Here, the left and the right panels correspond to AB- and
ABC-stackings, respectively. Interestingly, the gapped
band structures in (c) and (d) with gap ∆ are analogous
to the indirect- and direct-gap semiconductors, respec-
tively.
Quadratic band crossing lines.— The emergent non-
symmorphicity leads to a strikingly different feature in
the resulting band structure – three pairs of bands indi-
vidually become degenerate along the extended region of
the BZ edge. In the case of AB-stacking, the directions
X1 → M and X2 → M become inequivalent as shown in
Fig. 3a,c, due to the partially broken C4 rotation sym-
metry. It leads to band degeneracy only along X1 →
M whereas the degeneracy is lifted along X2 → M. In
contrast, for the ABC-stacking the band degeneracy ex-
ists along the entire perimeter of the BZ as shown in
Fig. 3b,d. To further understand the structure of these
degenerate band lines, we first focus on the lowest two
bands in Fig. 3a,b without the ISOC, as they remain well
separated from the other bands. Consequently, we con-
sider the quasiparticle dynamics near 1/6 filling (for the
spin-polarized case). In this case, the quasiparticles will
mostly populate the two A sites on each layer. To obtain
an effective Hamiltonian, we expand the 6 × 6 Hamilto-
nian in Eq. 2 close to the M point and integrate out the
other degrees of freedom [21] to obtain
Heffk,ab ≈ (εA − t2⊥ + t2k22t′′ − εF ) ⋅ I2 + 2t⊥tk12t′′ − εF ⋅ σ1 , (4a)
Heffk,abc ≈ [εA + t2(2t′′ − εF)k2S ] ⋅ I2 + 2t⊥t2k1k2S ⋅ σ1 ,
(4b)
where S = t2⊥ − 4t′′2 + 4t′′εF − ε2F and εF is the chemical
potential at 1/6 filling. Here, σ1 is the Pauli matrix corre-
sponding to the layer degrees of freedom. For simplicity,
we ignored the long-range interlayer hopping amplitudes
J1, J2, which will further renormalize the Fermi velocity.
For both the stackings, we obtain quadratic dispersion
along M → X1 following Eq. 4a,4b. A similar analy-
sis of the effective Hamiltonian around X1 yields analo-
gous quadratic dispersions for these band crossing lines
in both AB- and ABC-stacking. We emphasize here that
the corresponding dispersions do not remain completely
quadratic in the full region between X and M points,
as is evident from Fig. 3a,b. However, because of the
asymptotic behavior of the band crossing lines at X and
M points, we designate them as quadratic band crossing
lines (QBCL).
Next, we analyze the effects of ISOC on the double
layer system and explore the possibility of any topological
transitions. We notice that the degenerate QBCL struc-
ture in the spectrum is preserved in both the AB- and
ABC-stacked bilayer Lieb lattice (see Fig. 3c,d), even in
the presence of ISOC. This is because the degenerate QB-
CLs are protected by the fractional glide transformations{gx∣( 12 ,0)} and {gy ∣(0, 12)} [41] of the layer groups p4/n,
and p4/nmm, respectively. Here, ( 1
2
,0), (0, 1
2
) represent
the half-translations along respective crystal directions.
We observe that within a finite region of the parameter
space in our model, the three different QBCLs form two-
band subspaces well separated by the two bandgaps of
almost equal magnitude ∆ (see Fig. 3c,d).
Wilson loop computation.— However, as the spectra
in Fig. 3a-d contain extended degenaracy along the BZ
edge, we cannot utilize the previous scheme (for the
monolayer Lieb lattice) to compute the Chern number in
order to characterize the topological features. Instead, we
analyze the multi-band non-abelian Berry phases [42–46]
for each of the two-band subspaces. The Chern number
is then computed from the non-trivial windings of these
Berry phases. The latter are computed from the overlap
matrices Fmn(k;k + ∆k) = ⟨um(k) ∣un(k +∆k)⟩, where∣um(k)⟩ are the Bloch wave-functions obtained by diag-
onalizing the Hamiltonian in Eq. 2. We multiply these
overlap matrices to construct the Wilson loop operator
Wkα =∏
kβ
F(kβ ∣kβ +∆kβ), α, β = x, y, (5)
where F(kβ ∣kβ + ∆kβ) is the 2 × 2 matrix composed of
Fmn for each of the two-band subspaces, and Π implies
path-ordered product of the overlap matrices along a
closed loop in the two-dimensional BZ, i.e. for kβ rang-
ing between 0 and 2pi. For the purpose of this Letter, we
consider two different loops in the BZ: (i) by fixing kx,
we consider a Wilson loop along ky between 0 and 2pi,
and (ii) for fixed ky, the loop is considered from kx = 0
to kx = 2pi. Because the discretization of the BZ in-
corporates non-unitary effects on the overlap matrices,
one needs to fix a gauge while performing the numer-
ical computation. For the current purpose, we imple-
ment a periodic gauge at the two ends of the respec-
tive Wilson loop i.e. at kβ = 0 and kβ = 2pi. We set∣um(k0 +G)⟩ = e−iG⋅r ∣um(k0)⟩, where k0 = 0 and G cor-
responds to the reciprocal lattice vector. For the rest of
the k-points in the loop, such a gauge fixing is not re-
quired [43]. The Berry phases φk⊥ are then computed
from the eigenvalues λk∥ of the Wilson loop operator
Wk∥ , as φk∥ = −Im logλk∥ .
The non-abelian Berry phase spectra (along both the
axial directions in the BZ) for the AB-stacked bilayer
Lieb lattice with ISOC are shown in Fig. 3e,f. For the
lowest QBCL (black curve), we notice the Berry phase
does not wind at all between pi and −pi, and hence the
Chern number for the lowest two-band subspace is 0.
However, the middle (blue curve) and top (red curve)
QBCLs along with their respective two-band subspaces
contain a non-zero Chern number, as the respective Berry
5(a) (b)
(c) (d)
FIG. 4. The spectrum for trilayer (a) and quadrilayer (b) AB-
stacked Lieb lattice with the emergent QBCLs in the presence
of intrinsic spin-orbit coupling in each layer. The associated
non-abelian Berry phase for the middle band subspace com-
puted from the Wilson loop operator for the trilayer (c) and
the quadrilayer (d), respectively.
phases exhibit non-trivial winding. By counting the
winding number, we find that the middle and top QBCL
acquire Chern numbers 2 and −2, respectively. Note that
the horizontal half-glide in AB-stacking reduces the C4
rotation symmetry, and hence the Wilson spectra along
the two axial directions in BZ become inequivalent as
contrasted in Fig. 3e and Fig. 3f. In comparison, for the
ABC-stacking the half-glide is applied in both the axial
directions and hence the Wilson spectra (not shown here)
are equivalent along both the directions and are identi-
cal toWkx eigenvalues for the AB-stacked case (Fig. 3e).
However, the Chern number distribution (bottom to top
QBCLs) remains the same as (0,2,−2). Since, the anal-
ysis is done for one spin component (see the monolayer
discussion), we can define the spin Chern number Cspin
as Cspin = C↑ − C↓. As the Chern number for spin-up and
spin-down components differs in sign for a time-reversal
symmetric system [36], we obtain Cspin = (0,4,−4), which
has direct implications for the spin-Hall conductivity
σsh = e2/h̵∑ε<εF Cspin.
Multilayer stacking.—Motivated by the observation of
Chern number 2 for the bilayer stacking, we now consider
a multilayer generalization. Considering the two basic
stackings (AB and ABC), the number of possible orienta-
tions for an N -layer system grows exponentially as 2N−1.
However, for simplicity we always keep the stacking be-
tween any two adjacent layers as either AB- or ABC-type.
The interlayer couplings (t⊥, J1, J2 as in Fig. 1c,d) are
considered only between the two adjacent layers. Again
within a finite region of our parameter space, we notice
that the spectrum is divided into three band-subspaces
well separated from each other. For an N -layer system,
each band-subspace contains N -bands, with ⌊N
2
⌋ QBCLs
along the BZ edge. Consequently, for even number of lay-
ers the spectrum consists of only QBCLs along the BZ
edge (see Fig. 4b), while for odd number of layers, each
of the three band-subspaces contains one lone band (see
Fig. 4a) along with ⌊N
2
⌋ QBCLs.
The other properties of spectrum simply follow from
our analysis of the bilayer Lieb system, and hold true
for the multilayer setup as well. The topological char-
acter of the gapped bands are again analyzed with the
Wilson loop technique. Consequently, we compute the
non-abelian Berry phases and find that for the N -layer
system, the Chern number distribution is arranged asC = (0,N ,−N ). An illustration of the band structure and
the associated non-abelian Berry phases (for the middle
band subspace) is shown in Fig. 4a,b for the AB-stacked
tri-(odd) and quadri-(even)-layer setups. We have ex-
plicitly checked the validity of this result for the number
of layers up to 10 (see SM for more details). Hence we
propose it to be a generic feature of the non-symmorphic
Lieb multilayers. The layer number N naturally offers
tunability to the topological Chern number, and hence is
directly measurable in the spin-Hall conductivity σsh.
Discussion and Conclusion.— The Lieb lattice is
unique in that it provides an ideal depleted lattice in two
dimensions and also has its depleted three-dimensional
analog. Moreover, it is the sheared limit of the Kagome
lattice when the 120○ angle becomes 90○. Interest-
ingly, the Kagome lattice is maximally frustrated whereas
the Lieb lattice is unfrustrated when one considers spin
phenomena on such lattices. For in-between shear an-
gles, there is an intermediate Lieb-Kagome (or depleted
oblique) lattice which interpolates between the two lim-
iting lattices and is of interest in its own right. The
stacked Lieb lattice provides an even more elaborate plat-
form for exploring novel topological phenomena, phases,
and transitions – QBCLs and higher Chern numbers be-
ing two such examples. In doing so we had to generalize
the Wilson loop method to QBCLs, which is a tour de
force technique for extended band degeneracies and can
be adopted in a wide variety of physical contexts.
In conclusion, our main findings are as follows: (i) Bi-
layer Lieb lattice provides a natural harbor for hosting
QBCLs, (ii) QBCLs are a generalization of QBCPs, and
(iii) non-symmorphicity is a necessary condition for QB-
CLs. To calculate non-abelian Berry phases and Chern
numbers around QBCLs we devised a powerful, new Wil-
son loop method computationally. (iv) We found higher
Chern numbers in the band subspace (for certain val-
ues of t′′, εA) and (v) found novel topological transitions
including phases involving higher Chern numbers. (vi)
The multilayer Lieb lattice band structure is labeled by
Chern numbers that are proportional to the number of
6layers. Given that Lieb lattices have been experimen-
tally realized recently in photonic, electronic and atomic
settings [27–34], with the possible fabrication of bilayer
Lieb lattice our results indicate that unique topological
signatures such as spin Chern numbers, associated spec-
tral functions, etc. can be measured in realistic materi-
als. Finally, we mention that Mielke, and T3 are among
the possible other lattices [47, 48], where the physics dis-
cussed for the Lieb lattice can also be realized. It would
be also interesting to analyze a bosonic analog of our
system.
We acknowledge helpful discussions with D. Gresch,
A. Bouhon, W. A. Atkinson, D. Vollhardt, and A.
P. Kampf. This work was supported in part by the
Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation)-TRR 80 and in part by the U.S. De-
partment of Energy.
∗ saikat.banerjee@physik.uni-augsburg.de
† avadh@lanl.gov
[1] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science
314, 1757 (2006).
[2] B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96,
106802 (2006).
[3] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[4] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[5] J. E. Moore, Nature 464, 194 (2010).
[6] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[7] A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W.
Ludwig, Phys. Rev. B 78, 195125 (2008).
[8] A. Kitaev, AIP Conf. Proc. 1134, 22 (2009).
[9] X.-L. Qi, T. L. Hughes, S. Raghu, and S.-C. Zhang,
Phys. Rev. Lett. 102, 187001 (2009).
[10] L. Fu, Phys. Rev. Lett. 106, 106802 (2011).
[11] Y. Ando and L. Fu, Annu. Rev. Condens. Matter Phys.
6, 361 (2015).
[12] E. Khalaf, H. C. Po, A. Vishwanath, and H. Watanabe,
Phys. Rev. X 8, 031070 (2018).
[13] N. Regnault and B. A. Bernevig, Phys. Rev. X 1, 021014
(2011).
[14] C. Fang, M. J. Gilbert, and B. A. Bernevig, Phys. Rev.
Lett. 112, 046801 (2014).
[15] M. Barkeshli and X.-L. Qi, Phys. Rev. X 2, 031013
(2012).
[16] S. Rachel, Rep. Prog. Phys. 81, 116501 (2018).
[17] M. Trescher and E. J. Bergholtz, Phys. Rev. B 86,
241111(R) (2012).
[18] J. W. F. Venderbos, S. Kourtis, J. van den Brink, and
M. Daghofer, Phys. Rev. Lett. 108, 126405 (2012).
[19] T. Neupert, L. Santos, C. Chamon, and C. Mudry, Phys.
Rev. Lett. 106, 236804 (2011).
[20] W. Jiang, M. Kang, H. Huang, H. Xu, T. Low, and
F. Liu, Phys. Rev. B 99, 125131 (2019).
[21] L.-K. Lim, J.-N. Fuchs, F. Piéchon, and G. Montam-
baux, Phys. Rev. B 101, 045131 (2020).
[22] W.-F. Tsai, C. Fang, H. Yao, and J. Hu, New J. Phys.
17, 055016 (2015).
[23] K. Sun, H. Yao, E. Fradkin, and S. A. Kivelson, Phys.
Rev. Lett. 103, 046811 (2009).
[24] T. Wehling, A. Black-Schaffer, and A. Balatsky, Adv.
Phys. 63, 1 (2014).
[25] S. Banerjee, D. S. L. Abergel, H. Ågren, G. Aeppli, and
A. V. Balatsky, J. Phys. Condens. Matter 32, 405603
(2020).
[26] Y. D. Chong, X.-G. Wen, and M. Soljačić, Phys. Rev. B
77, 235125 (2008).
[27] R. Shen, L. B. Shao, B. Wang, and D. Y. Xing, Phys.
Rev. B 81, 041410(R) (2010).
[28] D. Guzmán-Silva, C. Mejía-Cortés, M. A. Bandres, M. C.
Rechtsman, S. Weimann, S. Nolte, M. Segev, A. Szameit,
and R. A. Vicencio, New J. Phys. 16, 063061 (2014).
[29] S. Mukherjee, A. Spracklen, D. Choudhury, N. Goldman,
P. Öhberg, E. Andersson, and R. R. Thomson, Phys.
Rev. Lett. 114, 245504 (2015).
[30] R. A. Vicencio, C. Cantillano, L. Morales-Inostroza,
B. Real, C. Mejía-Cortés, S. Weimann, A. Szameit, and
M. I. Molina, Phys. Rev. Lett. 114, 245503 (2015).
[31] S. Taie, H. Ozawa, T. Ichinose, T. Nishio, S. Nakajima,
and Y. Takahashi, Sci. Adv. 1 (2015).
[32] S. Xia, Y. Hu, D. Song, Y. Zong, L. Tang, and Z. Chen,
Opt. Lett. 41, 1435 (2016).
[33] F. Diebel, D. Leykam, S. Kroesen, C. Denz, and A. S.
Desyatnikov, Phys. Rev. Lett. 116, 183902 (2016).
[34] M. R. Slot, T. S. Gardenier, P. H. Jacobse, G. C. P.
van Miert, S. N. Kempkes, S. J. M. Zevenhuizen, C. M.
Smith, D. Vanmaekelbergh, and I. Swart, Nat. Phys. 13,
672 (2017).
[35] T. Fukui, Y. Hatsugai, and H. Suzuki, J. Phys. Soc. Jpn.
74, 1674 (2005).
[36] W. Beugeling, J. C. Everts, and C. Morais Smith, Phys.
Rev. B 86, 195129 (2012).
[37] A. Alexandradinata, Z. Wang, and B. A. Bernevig, Phys.
Rev. X 6, 021008 (2016).
[38] E. Hitzer and D. Ichikawa, Adv. Appl. Clifford. Al. 23,
887 (2013).
[39] S. Klemenz, L. Schoop, and J. Cano, Phys. Rev. B 101,
165121 (2020).
[40] S. M. Young and C. L. Kane, Phys. Rev. Lett. 115,
126803 (2015).
[41] L. M. Schoop, M. N. Ali, C. Straßer, A. Topp,
A. Varykhalov, D. Marchenko, V. Duppel, S. S. P.
Parkin, B. V. Lotsch, and C. R. Ast, Nat. Commun.
7, 11696 (2016).
[42] A. Alexandradinata, X. Dai, and B. A. Bernevig, Phys.
Rev. B 89, 155114 (2014).
[43] L. Lu, C. Fang, L. Fu, S. G. Johnson, J. D. Joannopoulos,
and M. Soljačić, Nat. Phys. 12, 337 (2016).
[44] A. Bouhon, A. M. Black-Schaffer, and R.-J. Slager, Phys.
Rev. B 100, 195135 (2019).
[45] A. Bouhon and A. M. Black-Schaffer, Phys. Rev. B 95,
241101(R) (2017).
[46] D. Vanderbilt, Berry Phases in Electronic Structure
Theory: Electric Polarization, Orbital Magnetization
and Topological Insulators (Cambridge University Press,
2018).
[47] M. Iskin, Phys. Rev. A 99, 053608 (2019).
[48] D. Bercioux, D. F. Urban, H. Grabert, and W. Häusler,
Phys. Rev. A 80, 063603 (2009).
1Supplementary Material:
Higher Chern Numbers in Multi-layer (N ≥ 2) Lieb Lattices: Topological Transitions
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Single-layer Lieb Lattice
In this section, we analyze the transformation of the Lieb lattice band-structure with various tight-binding (TB)
parameters as incorporated in Eq. (1) in the main text. The Hamiltonian is rewritten in terms of all the TB parameters
as
Hsl =∑
iσ
εic
†
iσciσ − t ∑⟨ij⟩σ c†iσcjσ − t′ ∑⟪ij⟫σ c†iσcjσ − t′′ ∑⟨⟪ij⟫⟩σ c†iσcjσ + iλ ∑⟪ij⟫νijc†iασzαβcjβ , (S.1)
where the parameters are defined as in the main text. As intrinsic spin-orbit coupling (ISOC) does not break the spin
degeneracy, we consider only the spin-up electrons as mentioned in the main text. The Hamiltonian in Eq. S.1 is now
rewritten in terms of a three-spinor Ψk = (cAk, cBk, cCk)T as
Hsl =∑
k
Ψ†kHkΨk, Hk,sl = ⎛⎜⎝
εA −2t cos k12 −2t cos k22−2t cos k1
2
−2t′′ cosk2 −4t′ cos k12 cos k22 − 4iλ sin k12 sin k22−2t cos k2
2
−4t′ cos k1
2
cos k2
2
+ 4iλ sin k1
2
sin k2
2
−2t′′ cosk1
⎞⎟⎠ ,
(S.2)
where c†αk creates an electron on sublattice site α with momentum ki = k ⋅ ai. The unit-vectors are assumed to be
a1 = (a,0) and a2 = (0, a) with a being the lattice constant. The energy spectrum is obtained by diagonalizing the
(b) (c)
(d) (e)
(a)
FIG. S1. (a) The square-shaped Brillouin zone for the two-dimensional Lieb lattice with high-symmetry points labeled by the
filled circles. (b-e) A comparison between the band structures of Lieb lattice with (dashed lines) and without (solid lines)
the spin-orbit coupling along the high-symmetry directions in the Brillouin zone for various TB parameters: (b) the nearest-
neighbor hopping t = 1 with all the other parameters set to zero, (c) next-neighbor hopping t′ = 0.3 with finite t = 1 (rest of the
parameters are zero), (d) t = 1, t′ = 0.3, t′′ = 0.0, εA = −1 and (e) t = 1, t′ = 0.3, t′′ = 0.2, εA = −1. The spin-orbit coupling strength
is λ = 0.35t. Inset (c): The middle band touches the top band at Γ point for t′ = 0.5t. All values are in the units of eV.
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2Hamiltonian Hk,sl. The corresponding band structures for different TB parameters are shown in Fig. S1b-e (solid
lines). The ideal Lieb lattice (a finite hopping amplitude t with all other parameters vanishing) has a completely flat
and two dispersing bands which cross each other at the M point in the Brillouin Zone (BZ) as shown in Fig. S1b. We
notice that the complete flatness of the middle band is reduced to a partial one along the BZ edge (X → M point)
in the presence of the next-nearest neighbor hopping t′. With further increasing the strength of t′, this middle band
becomes more dispersive and eventually touches one of the two other dispersing bands at the Γ point at t′ = 0.5t as
shown in the inset of Fig. S1c [1]. Whether the middle band touches the top or bottom band, depends on the sign of
the hopping parameters. Yet, in both these cases, all the three bands cross each other at the M point [1, 2].
The band crossing at the M point in Fig. S1b,c, provides an impression that two of the bands cross each other
linearly and there is a Dirac point. However, the structure of the low energy quasiparticles around the M point is
completely different from a Dirac structure. The three-band crossing point is the example of an accidental crossing,
which is, indeed, eliminated in the presence of a finite onsite energy εA or second-neighbor hopping t′′. Finite εA
induces a gap at the M point, where the top two bands are separated from the bottom band (see Fig. S1d), still
retaining the partial flatness of the middle band along the BZ edge. A finite t′′ completely destroys the flatness,
as shown in Fig. S1e. However, the band degeneracy at the M point is still preserved (see Fig. S1d,e), yielding a
quadratic band crossing point (QBCP) [2]. In the presence of a finite ISOC all the bands are gapped from each other
as illustrated by the dashed blue lines in Fig. S1b-e. The consequent topological classification is discussed in the main
text.
AA-stacked Bilayer Lieb Lattice
In the main text, we focused on two unique stackings: AB and ABC with the emergent non-symmorphic struc-
ture. Here, we analyze the properties of the band-structure for the conventional AA-stacked bilayer Lieb lattice. In
comparison to Eq. (2) in the main text, the corresponding Hamiltonian is written as
Hk,aa =Hk,sl ⊗ Iσ +Vk,aa ⊗ σ1, (S.3a)
Vk,aa = −t⊥c1I3 − 2J1c1Γ1 − 2J1c2Γ4 − 4J2c1c2Γ6, (S.3b)
Γ1 = ⎛⎜⎝
0 1 0
1 0 0
0 0 0
⎞⎟⎠ , Γ4 =
⎛⎜⎝
0 0 1
0 0 0
1 0 0
⎞⎟⎠ , Γ6 =
⎛⎜⎝
0 0 0
0 0 1
0 1 0
⎞⎟⎠ , (S.3c)
where ci = coski/2 and Γi’s are the traceless Gell-Mann matrices as discussed in the main text. To illustrate the
evolution of the single-layer QBCP, we assume all the TB parameters in Eq. S.3a to be non-zero and further consider
non-vanishing interlayer couplings t⊥, J1, J2. The unit-cell for AA-stacking is composed of three dimer sites as
illustrated in Fig. S2a. The band structure (without intrinsic spin-orbit coupling) is obtained by diagonalizing the
Hamiltonian Hk,aa. The spectrum for AA-stacked bilayer Lieb lattice is shown in Fig. S2b. Quite intuitively, we
(a) (b) (c)
FIG. S2. (a) An illustration of the bilayer Lieb lattice with conventional AA-stacking. The unit-cell for the effective 2D
bilayer lattice is composed of three dimer sites as marked by the dashed lines. The inter-layer couplings (t⊥, J1, J2) are assumed
between the dimer sites. The band structure [without (b) and with (c) the intrinsic spin-orbit coupling] along the high-symmetry
directions in the BZ, obtained by diagonalizing the Hamiltonian in Eq. S.3a. The tight-binding parameters for each layer are
the same as in Fig. S1e, with non-vanishing inter-layer couplings t⊥ = 0.45, J1 = 0.25 and J2 = 0.15. All values are in the units
of eV. The spin-orbit coupling strength λ = 0.35 in panel (c).
3notice that the individual QBCP in each layer eventually generates two distinct QBCPs at the M point of the BZ.
Based on this result, we conclude that an AA-stacked N -layer Lieb lattice will host distinct N -QBCPs at the M point
in the corresponding spectrum. The QBCPs become gapped and are lost when the intrinsic spin-orbit coupling λ
is turned on for each layer. Unlike the other stackings discussed in detail in the main text, we do not observe any
extended degeneracy along the BZ edge. It becomes evident that the QBCLs are only generic features of the emergent
non-symmorphic structure in the case of AB- and ABC-stackings.
Oblique Bilayer Lieb lattice
In the main text, we mentioned that the QBCLs for AB- and ABC-stakced bilayer Lieb lattice are protected by
the combined C4 rotation and the glide transformations along the axial directions. If the C4 symmetry is destroyed
the associated degenerate QBCLs are destroyed. Here, we will show that for an oblique analogue of the stacked
Lieb systems the QBCLs are completely destroyed in the band structure. Consequently, we consider two coupled
oblique Lieb lattices in the two Bernal-stacked configurations (AB and ABΘ) as shown in Fig. S3b,c. The filled and
double-filled circles in the unit-cell label the monomer and the dimer sites, respectively. For the double-filled circles,
the outer color specifies atoms on the top layer. Each monolayer oblique Lieb structure, characterized by the angle θ
as in Fig. S3a, is obtained by applying a continuous shear along the (11) direction to an ideal Lieb lattice. For θ = 90○
we obtain the Lieb lattice, while for θ = 120○ we generate the Kagome lattice. Here, we build upon the band structure
FIG. S3. (a) A pictorial representation of a single-layer oblique Lieb lattice and its corresponding Brillouin zone. The high-
symmetry points are denoted by the filled red circles in the BZ. (b-c) A schematic of the bilayer oblique Lieb lattice stacked
in AB- and ABΘ- configurations, respectively (c-axis top view). The monomer sites are labeled by filled circles whereas the
filled double circles signify the dimer sites. The outer color marks which sublattice site is on the top layer. The color coding
for each layer is chosen in the same way as in Fig. S2a. (d-f) Evolution of the band structure as a function of the oblique angle
θ (97.5○ → 105○ → 112.5○) for the AB-stacking. (g-i) Similar evolution for the ABΘ-stacking. The tight-binding parameters are
assumed as t = 1, t⊥ = 0.45, J1 = 0.25. The other parameters t′1, t′2, JB2 , JC2 are interpolated between the Lieb and Kagome limits.
The Brillouin zone edge is illustrated by the region between X and M points (dashed arrow). All values are in the units of eV.
4calculation for the single layer oblique Lieb lattice in Ref. [3], and show that an arbitrary small shear destroys the
degeneracy lines (see Fig. S3d-i).
For simplicity, the single-layer Hamiltonian for the oblique Lieb lattice is constructed in the presence of only two
tight-binding parameters: nearest-neighbor hopping t and the next-nearest neighbor hoppings t′1, t′2, respectively [3].
As θ increases from 90○ to 120○ the hopping t′1 increases and t′2 decreases. The lattice unit vectors are defined as
a1 = (1,0) and a2 = (− cos θ, sin θ). The corresponding hexagonal parallelogon BZ is shown in Fig. S3a. The reciprocal
lattice vectors are obtained as b1 = 2pi(1, cot θ) and b2 = 2pi(0, csc θ). Consequently, the Γ → X path is determined
by pi(1, cot θ). The path from the X to the K point is obtained by finding the vector perpendicular to the previous
vector as (− cos θ, sin θ). However, pinpointing the K point in the oblique Lieb BZ is a little tricky. To determine the
K point, we first find the M point which is easily obtained as
M = b⃗1 + b⃗2
2
= pi(1, cot θ + csc θ). (S.4)
Now, we find a vector which is perpendicular to the one connecting the Γ to the M point. The goal is now to determine
the intersecting point between this vector and the vector along the X to the K point. The latter one is easily obtained
from the vector Γ→ X. Consequently, we obtain the K point as
K = pi (1 − 2 cos θ
1 − cos θ , cot θ + cot θ2) . (S.5)
The modified single layer Hamiltonian is written as
Hk,sl = ⎛⎜⎝
0 −2t cos k1
2
−2t cos k2
2−2t cos k1
2
0 −2t′1 cos(k1+k22 ) − 2t′2 cos(k1−k22 )−2t cos k2
2
−2t′1 cos(k1+k22 ) − 2t′2 cos(k1−k22 ) 0
⎞⎟⎠ , (S.6)
where ki = k ⋅ai and the parameters t, t′1, t′2 have been defined earlier. In a similar fashion to the intra-layer hoppings
t′1, t′2, we assume different inter-layer couplings t⊥, J1, JB2 , JC2 (not shown in Fig. S3b,c). The first two couplings t⊥, J1
are defined in the same way as in the main text, whereas the remote couplings JB,C2 become dependent on the angle
θ: JB2 monotonically increases to J1 and J
C
2 keeps decreasing as θ varies between 90
○ to 120○. The bilayer coupling
Hamiltonian for AB- and ABΘ-stackings are defined as
Hk,ab/abθ =Hk,sl ⊗ Iσ +Vk,ab/abθ ⊗ σ1, (S.7a)
Vk,ab = ⎛⎜⎝
2J1 cos
k1
2
t⊥ Sk
t⊥ 2J1 cos k12 2J1 cos k22
Sk 2J1 cos
k2
2
2J1 cos
k1
2
⎞⎟⎠ , Vk,abθ =
⎛⎜⎝
Sk 2J1 cos
k2
2
2J1 cos
k1
2
2J1 cos
k2
2
Sk t⊥
2J1 cos
k1
2
t⊥ Sk
⎞⎟⎠ , (S.7b)
where Sk is defined as
Sk = −2JB2 cos(k1 + k22 ) − 2JC2 cos(k1 − k22 ) . (S.8)
The band structure for the two different Bernal-type stackings are obtained by diagonalizing the bilayer Hamiltonian
(Eq. S.7a). The corresponding spectra for the two stackings are shown in the middle and bottom panels in Fig. S3,
respectively. The broken C4 rotation symmetry in both cases results into gapped bands along the BZ edge: X → K →
M, where K is the edge point in the oblique BZ (Fig. S3a). The variations of the spectrum for different oblique angles
θ = 97.5○,105.5○,112.5○ are shown in Fig. S3d-f and Fig. S3g-i for AB- and ABΘ-stackings, respectively. For θ = 120○,
we obtain a bilayer Kagome structure and reproduce the spectrum analyzed in Ref. [4]. As θ decreases progressively,
the gap between the pair of bands along the BZ edge also decreases and eventually vanishes at 90○ where the QBCLs
reappear as in Fig. 3a,b, in the main text.
Multilayer Lieb lattice: Wilson Loop analysis
In this section, we provide the tight-binding analysis for the multilayer stacked Lieb lattices. As the properties of
the band structure for the bilayer stacked lattice are simply inherited in the multilayer structure, we primarily focus
on the band structure for the AB-stacking. Here, we show the dispersion for nine and ten layer stackings. For each
5(a) (b)
FIG. S4. The band structure for the (a) nine- and (b) ten-layer stacked Lieb lattice system in the presence of only intra-layer
intrinsic-spin orbit coupling λ. The stacking is considered of only AB-type between any two adjacent layers. The tight-binding
parameters used are chosen to be the same as used in the main text. (a) There are four QBCLs and one lone band in each
band-subspace, while (b) each band-subspace contains only QBCLs (five in this case) and no lone band.
case, the stacking is considered to be of the AB-type in between any two adjacent layers [we consider the interlayer
coupling again the same as (t⊥, J1, J2)]. The band structures for the two cases are shown in Fig. S4a,b for 9 and 10
layers, respectively. Again, we observe that within a finite region in the parameter space, the spectrum consists of
three gapped band-subspaces and each of the subspaces contains QBCLs. For odd number of layers (nine-layer or
nonalayer stacked case) there are four QBCLs and one lone band, whereas for even number of layers (ten-layer or
decalayer stacked case), the subspace only consists of QBCLs (in this case the number is five). Of course, the same
qualitative features hold true for the corresponding ABC-stacked cases (not shown here). We compute the Wilson
loop spectrum for each of the band-subspaces and analyze the winding of non-abelian Berry phases (in the same way
as explained in the main text). Consequently, we obtain the Chern number distribution for these two cases arranged
as C = (0,9,−9) and C = (0,10,−10), for nine- and ten-layers, respectively.
We finally illustrate the key steps of the computation of the Wilson loops. As stressed in the main text, the
gauge fixing is only needed for the two end points of a Wilson loop. Consequently, we consider a periodic gauge and
incorporate such features by suitably constructing a matrix TG [5] such that the following constraint is satisfied
TG ⋅Hk+G =Hk ⋅ TG, (S.9)
where G is the reciprocal lattice vector and Hk is the corresponding Hamiltonian of the underlying system. In the
last step of the Wilson loop computation, we consider the following Bloch-function at the end point of the loop as
∣um(k +G)⟩ = TG ⋅ ∣um(k)⟩ . (S.10)
[1] W. Beugeling, J. C. Everts, and C. Morais Smith, Phys. Rev. B 86, 195129 (2012).
[2] W.-F. Tsai, C. Fang, H. Yao, and J. Hu, New J. Phys. 17, 055016 (2015).
[3] W. Jiang, M. Kang, H. Huang, H. Xu, T. Low, and F. Liu, Phys. Rev. B 99, 125131 (2019).
[4] F. Crasto de Lima, R. H. Miwa, and E. Suárez Morell, Phys. Rev. B 100, 155421 (2019).
[5] A. Bouhon and A. M. Black-Schaffer, Phys. Rev. B 95, 241101(R) (2017).
